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1. INTRODUCTION 
Let A be an arbitrary interval of the real axis. We define Z(d) as the 
least positive integer among the denominators of all the rationals on A. 
We are interested in the mean-value of Z(d), when A runs through a 
sequence of adjoint intervals. Particularly, we have looked for the order 
of magnitude of the sum 8, defined by 
where Al, AZ, . . . . AN are the closed segments of length l/N, into which 
the interval [0, l] can be divided. We shall prove the following result: 
N3/2 < S(N) < N3/3. 
Clearly, the corresponding mean-value of Z(Ai) is of order 1/N. We cannot 
give an asymptotic coefficient for N + 00, though it is very likely that 
such a constant exists. See section 4 and 5. 
The question may be put, whether the above estimate remains true 
if Z is taken over open, or half open, segments instead of the closed At, 
which we do consider. The answer is affirmative. See section 4. 
Our proofs are elementary. The required knowledge of +-sums in section 
2, and Farey sequences in section 3, can be found in many text-books, 
for instance the well-known book of G. H. Hardy and E. M. Wright. 
2. PROOF OF THE LOWER ESTIMATE 
We take N > 9 and a fixed integer n, such that &IN tn < I/N. Let x/a 
and y/b be different rationals, such that 1~ a < n, 1 Q b <n. Then we have 
x Y --- 
I I 
1 1 
a b >->--, ab N 
which implies that each of the segments Ai, as defined with respect to N, 
contains at most one rational number with denominator <n. 
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It follows that 2 Z(d& extended over those At for which Z(&) <n, is at 
least 
where 4 is Euler’s totient function. Denoting this sum by y(n) we have, 
obviously : 
where @(x) =ZkGz 4(k). 
By a theorem of Mertens we have: 
whence y(n)>&@ for all values of 12, which are sufficiently large. We 
may conclude : 
S(N) > N3/2. 
3. PROOF OF THE UPPER ESTIMATE 
We define the Farey sequence P, here as the ordered set of all rationals 
x/a in [0, 11, where x, a are coprime integers with 1 <a<n. 
The reader should be acquainted with two basic properties of .8’,: If 
x/a, y/b are consecutive terms in Pm, then 
x Y 
I I 
1 --- 
a b=Z 
and a+b>n. 
These properties will be used to obtain a lemma, which may be of some 
interest in itself. It ensures the existence of a rational set between x/a 
and y/b, which has a convenient distribution pattern and a small sum 
of denominators. 
LEMMA. Let 1 G a < b <n. To any pair x/a, y/b or y/b, x/a of consecutive 
terms in Yr’, a number H > 2 and a strictly monotonic sequence of rationals 
@O, @l, .*a, @H-l 
can be assigned, such that we have: 
(i) eo =x/a, eH--1 = y/b 
(ii) (eV-i--eB]<4/n2 for l<v<H-1 
(iii) The sum of the denominators of ~0, ~1, . .., @H-I is less than 
3n2/a log 2nla. 
PROOF OF THE LEMMA. We consider two cases : ns < 4ab and ns > 4ab. 
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If ns < 4ab, the first basic property gives 
X Y I---l a b <4 n2 
and we have moreover: 
a+b<2n<nlog8=3nlog2<~ log 2, 
so that our proposition is valid with H =2. 
From now on we suppose n2 > 4ab. We choose for H an arbitrary integer 
of the open interval (n2/2ab, n?/ab). It will be seen that H > 3, on account 
of n2/2ab> 2. We divide the interval with end-points x/a, y/b into H 
adjoint closed subintervals, each one with length l/Hub. 
This length is fundamental for our proof. In relation to it, we mention 
six inequalities, which follow from our preceding text: 
H>3 
1 1 1 2 
Hab > i$ Hab -C 2 
a<b a+b>n b>&t 
where the last one is due to its predecessors. 
Starting at x/a and ending at y/b, we denote the H sub-intervals by 
lO,Il, *a*, IH-1, respectively. Of course, we define QO = x/a and @H-I = y/b, 
hence ~0 E IO and @H-l E IH-1. The remaining Q” will be chosen by a special 
procedure, in such a way that each Q” becomes an inner point of the 
corresponding I,. 
This been done, conditions (i) and (ii) of the lemma will certainly be 
fulfilled, in view of 1/Hab<2/n2. 
We choose the numbers ~1, ~2, . . . . QH-2 from the infinite sequence of 
fractions (nx+a)/(ly + b), where 1= 1, 2, 3, . . . . 
all the terms of which lie between x/a and y/b, in a strictly monotonic 
setting. 
An easy calculation shows, that the distance between consecutive terms 
is smaller than l/(a+ b)2< 1 /ns< l/Hub. We have moreover: 
x+Y Y - -- I I a+6 b 
Looking at the other end of the sequence, we find x/a as an accumulation 
point, and these three facts ensure the presence of at least one term of 
the sequence, in the inner part of each one of the intervals Ii, Iz, . . . , 1%2 
(we shall not make further use of the infinitely many terms in 10). 
Denoting an arbitrary term in II as ~1, an arbitrary term in I2 as ~2, 
335 
and so on, we now proceed to prove (iii). From the metrical location it 
will be clear tat 
lea-&I > HLb - for ~=l, 2, . . . . H-l. 
Writing 6 = (j,X+ $‘)/(&a + b) (so that in particular j,-, = 0), we find the 
following estimate : 
which leads to an upper estimate for the denominator of Q”: 
.i,a+b< F for 1 <v<H- 1. 
The sum of the denominators of all the eV (OGV Q H - 1) turns out to 
be smaller than 
u+HbE~1~<a+2HblogH<3HblogH<~log~<~log~, 
v=l v 
which proves the lemma. 
To finish our proof that X(N) < Ns/a, we apply the interpolation, as 
described in the lemma, on all pairs of consecutive F,-terms. Thus we 
obtain a set of rational points with gaps smaller than 4/r@, and a denomi- 
nator-sum which is less than 
5 2a 
0=1 
7 log F = 6n2 log VW --J- <12n3. 
Here we have used the well-known fact, that (2n)n/n ! is one of the terms 
in the series-development of esn, hence certainly <esn. 
Finally, take N 2 4 and let n be an integer such that al/N <n-c 31/N. 
Any one of the segments At, as defined with respect to N, will certainly 
contain a point of our interpolation-set. 
It may be concluded, that S(N) < 12ns < Ns/s. 
4. REMARKS 
In connection with our sum: 
S(N)= >I I r$$, $1 (closed intervals), 
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we define two related sums: 
T(N) = $ z (“G, $1 (half-open intervals), 
U(N) = J 1 e, $) (open intervals). 
Our proof in section 3 remains valid, if S is replaced by T or U. Our 
proof in section 2 need not be checked in this respect, as we have S < T G U. 
For completeness’ sake we remark that the estimate U(N) < N3/2 can 
be derived from S(N) < Na/s by the inequality U(N) <S(3N), which is 
easily verified by a covering procedure. 
As to shifts: Our argument is quite easy to adapt for any interval 
[01, a+ 11, where 01 is an arbitrary real number. The obtained estimates 
will be uniform as to 0~. 
As a final remark we make the conjecture: 
S(N) -T(N)- U(N)--?-JNS/$ for N-t 00. 
5. NUMERICAL DATA 
Our preference for S, instead of T or U is partly due to the fact, that 
it gives a much shorter program on the computer. As an algorithm, we 
develop all the dividing points into continued fractions and find Z(d) by 
comparing the finite tails of these developments. Calculations have been 
made on a desk calculator WANG 720 C. 
The number 6’~ is defined by S(N) =CNN3/2. The odd entries in our 
table are prime numbers. 
N CN N CN 
10 .94868 104 1.54697 
11 1.09640 104+7 1.60079 
102 1.26400 105 1.58951 
102+ 1 1.42064 105+3 1.61482 
103 1.45288 106 1.60838 
103+9 1.55803 lOBf3 1.61898 
6. ORIGIN OF THE PROBLEM 
Our study of S(N) has been induced by a problem in combinatorial 
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group theory. Let p be a prime number and define L(p) as the optimal 
length L, which a sequence of integers tii, LYE, .. . . OCL can have under the 
conditions : 
1 
l<arl=Garz<...<olL<p-~ 
or1+er2+... +LX, + 0 mod p for 1gzsL. 
One has in particular: L(2)=1, L(3)=3, L(5)=11. 
We could prove, that (ps> L(p)>p2-S(p), where 8 is the sum of sec- 
tion 1. By this formula and our present study it follows : L(p) N p2 for 
p + 00. 
When we prepared this note, Mr. Chaim E. Schaap (Delft) completed 
a proof of the following remarkable indentity : 
L(p)+S(p)=p~-p+ 1. 
In alternative formulation : L(p) + T(p) =p2. 
The proof will be given in a forthcoming report. 
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